Last decade witnessed a plethora of missions to the Moon by China (Chang'E-1 and Chang-E-2), Japan (SELenological and ENgineering Explorer, SELENE), India (Chandrayaan-1) and USA (Lunar Reconnaissance Orbiter), all carried out laser altimetry measurements. This study is a follow up to a series of earlier investigations that produced a number of new models to represent the gross geometric shape of the Moon using Uni ed Lunar Control 2005, Chang'E-1, and SELENE laser altimetry data using the Lunar Reconnaissance Orbiter laser altimetry measurements. The symmetric and asymmetric polyaxial geometric models derived from Lunar Reconnaissance Orbiter laser altimetry data, namely, three, four and six-axial lunar gure parameters, are compared and contrasted with the corresponding model parameters estimated from the Chang'E-1 and SELENE laser altimetry. All solutions produced geometric shape, orientation parameters, and the parameters of the geometric center of lunar gure with respect to the center of mass of the Moon showing remarkable agreement with each other within 100 m. A combined solution by the fusion of uniformly sampled laser altimetry data from all three missions produced the best estimates for the lunar shape, orientation, and lunar center of gure parameters, and their realistic error estimates.
lunar gure up to 5 km in the lunar equatorial plane and rotated the ULCN 1994 reference frame with respect to ULCN 2005 reference frame on the order of few hundred meters (on the lunar equator). Iz et al. 's (2010a) study introduced the rst estimates for the orientation of the geometrically best tting triaxial lunar ellipsoid with respect to the Mean/Polar axis reference frame. Iz et al. 's (2011c) study assessed the consistency of Chang'E-1 and SELENE reference frames using nearly colocated laser altimetry footprint positions.
Improved, spherical two and three-axial lunar gure parameters together with their geometric centers with respect to the center of mass of the Moon were also calculated, using Chang'E-1 and SE-LENE laser altimetry data by Iz et al. (2011b) . Most recently, Iz et al., (2011a) introduced new polyaxial symmetric and asymmetric ellipsoidal models to represent the geometric gure of the Moon and demonstrated that the gure of the Moon can be parsimoniously represented by an egg-shape with only three parameters centered at the lunar center of mass.
The present contribution is a follow up to these earlier investigations that produced a multitude of new models to represent the gross geometric shape of the Moon using the most recent LRO laser altimetry data to validate the earlier models and their solutions.
In the following sections, the symmetric and asymmetric polyaxial geometric model parameters are derived using LRO laser altimetry data namely, three, four and six-axial lunar gure parameters together with their center of gure coordinates with respect to the center of mass of the Moon. These are compared and contrasted with the model parameters estimated from the Chang'E-1 and SE-LENE laser altimetry measurements (ibid).
The present contribution also provides a combined solution through fusion of all three missions' uniformly sampled laser altimetry data, which produced the best estimates for the lunar shape, orientation, and lunar center of gure parameters for various models, and their realistic error estimates by virtue of statistically independent data from the three lunar missions.
Lunar Laser Altimeter Data from Chang'E-1, SELENE and LRO Missions
Chang'E-1 was launched on October 24, 2007. The satellite orbited around the Moon in an approximately 2-hour polar orbit with an inclination of 90
• ±2
• at an altitude about 200 km. The footprint size of the laser spot produced by the onboard laser altimetry system was typically 100 m at this altitude. The along-track data spacing was about 1.4 km. China Lunar Exploration Center provided the footprint locations of over 8.5 million selenocentric laser altimetry measurements (after removing over 300,000 outliers) for this study. The radial distances of the laser altimetry footprints were calibrated by comparing them against the radial distances of the Lunar Laser Ranging sites (Iz, et al. 2011b) . • and approximately 2-hour period. The footprint size was typically 40 m, and the data spacing was about 1.6 km in along-track direction (Araki et al., 2009 resented by a triaxial ellipsoid using the following mathematical model (Iz, et al., 2011a) (R∆x)
T S (R∆x) − 1 = 0
where,
in which α, β, γare the common rotation angles of the lunar gure about the X ,Y, Z axes respectively and 5 is the lunar shape matrix consisting of principal axes that conform with the axes of the corresponding quadrant (i.e. a is replaced with a' , b with b' and c with c'). In this formulation, having common axes between quadrants ensures that the transition from one quadrant to another is smooth (no jumps).
This model also serves as a condition equation for the non-linear statistical model of the laser altimetry measurements. It is solved for the unknown shape, orientation, and shift parameters of the lunar gure from the Cartesian coordinates of the laser altimetry footprints from Chang'E-1 and SELENE and LRO missions using the method of least squares for the condition equations with unknown parameters iteratively discussed in Iz, (2009) . In estimating lunar shape parameters modeling each quadrant enables capturing the effect of the regional scale topographical features such as South Pole-Aitken region, one of the largest topographical features in the solar system, and highlands of the Eastern part on the far side.
Additional sub-models are obtained by removing shape parameters that are not signi cantly different from each other. Because of the large number of data used in the solutions, all null-hypothesis testing for the differences in the shape parameters are rejected (i.e.
all the estimated parameters are found to be statistically signi cant from their counterparts, such as a ̸ = a
such tests are of limited use for model comparison and selection.
Instead, misclosures, deviations from 1 in the condition equations with unknown parameters shown in eq. 1, can be used to assess the impact of model parameters and eliminate those that are not contributing to the solutions.
Laser measurements from all missions were carried out by satellites in near polar orbits resulting in an uneven distribution of data, increasingly denser toward the lunar poles, which create correlation among the solution parameters. To minimize such correlations as well as to provide a homogeneous set of data to be used for comparisons among different data sets, 250,000 uniformly distributed laser altimetry measurements were selected using the random sampling approach on a unit sphere discussed by Iz et al. (2011b) from each mission's repository. Separate solutions were obtained to validate the solutions obtained from Chang'E-1, SE-LENE laser altimetry data with the solutions calculated from the LRO laser altimetry. Chang'E-1, then SELENE and LRO laser altimetry data, followed by the combination solution that includes all the data from the three lunar missions. Common to all solutions is the principal axes of the ellipsoids that remain parallel to the underlying mean Earth/polar axis reference frame (i.e. the rigid body rotations of the ellipsoids are constrained to be zero as opposed to solutions to models with the rotation angles given in Table 2 ).
The standard errors of the estimates show very precise estimates, less than 1m for the principal axes and the geometric center parameters. Yet, the standard errors do not re ect the accuracy of the estimated parameters since the expected value of the residual lunar topography is not zero, which leads to biased estimates for the parameters and their standard deviations are only a measure of precision. Although Chang'E-1 and SELENE solutions are both calibrated against the coordinates of the near side lunar laser ranging sites (Iz et al., 2011b) , calibration ensures the accuracy of the laser altimetry footprint coordinates con ned only to the nearside of the Moon including the LRO data. However, each mission's laser altimetry measurements are completely independent from each other. Therefore, biased estimates from each mission tend to exhibit random excursions from mission-to-mission solutions and their average values are expected to provide the best estimates for the relevant parameters. The dispersion of the parameters from their averaged values should also provide better accuracy estimates for the solution parameters. Meanwhile, a better alternative to simple averaging the estimates is to obtain the new Table 1 . All units are in m. Three, four and six-axial lunar shapes with and without center of figure parameters from the Chang'E-1,SELENE and LRO laser altimetry data. The first three rows for each axis are for Chang'E-1, SELENE, and LRO solutions, followed by the combined solution from all missions. ( parameters using the combined data from all three missions and to use the parameters of the combined solutions instead.
In pursuing this premise, the fourth solution listed in Table 1 shows the parameters from the combined solutions. Table 1 The RMS values of the misclosures for the combined solution are also included in Table 1 . Misclosures are the deviations from unity in eqn 1 scaled by an average radius of the Moon to provide a Table 2 . Three, four and six-axial lunar shapes with and without center of figure parameters (m) and with and without orientation parameters (degrees) from the Chang'E-1 SELENE and LRO laser altimetry data. The first three rows for each axis are for Chang'E-1, SELENE, and Table 2 . The RMS differences between the combined solutions of individual mission solutions are larger than the solutions without the orientation parameters but consistent from model to model reveal that solutions with orientation parameters are sensitive to large-scale lunar topography. The RMS misclosures are smaller as compared to the solutions without orientation parameters. This is due to the additional exibility for the least squares solutions, which is provided with increased number of parameters via modeling the orientation of the lunar gure with respect to the Mean Earth/Polar axis reference system. Table 2 also includes the estimates for the latitudes and longitudes of the lunar South Pole position of the polar axes of various model solutions. Again, it is evident that the solutions with the orientation angles, as also con rmed by the most recent mission LRO solution parameters in this study, are dominated by the South Pole-Aitken impact region, the largest known topographical feature in the solar system. As a result, the position of the South Polar axis in all solutions located within the South Pole-Aitken region becomes close to the center of its elliptical shape.
Conclusion

LRO solutions validated earlier solutions and models based on
Chang'E-1 and SELENE laser altimetry data (Iz, et al., 2011a) . Overall, the results show that the lunar gure can be represented equally well by different models; each one of these models is informative in their own way. Constrained models, i.e. those without orientation parameters are more consistent with each other. The syntheses of the three mission data via combination solutions for different models provide the best estimates for the lunar shape, center of gure and orientation parameters. The error estimates inferred from the RMS differences of each mission solution parameters from the combined solution parameters are dominantly less than 100 m. They are more realistic representation of the errors of the estimated parameters.
